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Abstract. We decompose the level- 1 irreducible highest weight 
modules of the quantum affine algebra U q (sl n ) with respect to the 
level-0 L^(s[ n )-action defined in fill . The decomposition is pa- 
rameterized by the skew Young diagrams of the border strip type. 



1. Introduction 
In the papers Jl6| and fill it was shown that the g-deformed Fock 



space module of the quantum affine algebra U q (sl n ) admits an action 
of a new remarkable object - the so-called quantum toroidal algebra 
introduced in [Q and [15] as a g-deformation of the universal central 



extension of the sl n - valued double-loop Lie algebra. The action of the 
quantum toroidal algebra on the g-Fock space depends on two param- 
eters: the deformation parameter q and an extra parameter p, when 
values of these parameters are taken to be generic complex numbers, 
the g-Fock space is known to be irreducible with respect to this action. 

The quantum toroidal algebra has two subalgebras, U' q (sl n )^ and 
Uq(si n )( 2 \ both isomorphic to U' q (sl n ). Accordingly, the g-Fock space 

admits two [/'(sQ-actions. 

The first of these actions has level 1, and coincides with the action 
originally introduced by Hayashi in ||. The irreducible decomposition 
of the g-Fock space with respect to this action was given in M by using 



the semi-infinite q- wedge construction due to fl3 |. 

The second of the [/'(sQ-actions has level 0, the irreducible decom- 
position of the g-Fock space with respect to this action was constructed 



in [0 at generic values of the parameters q and p. 

Kashiwara, Miwa and Stern [7[] have shown, that the level-1 action of 
U' q {s[ n ) on the g-Fock space is centralized by the action of the Heisen- 



berg algebra. In the paper [11] it was proven that the proper ideal of the 
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g-Fock space generated by the negative-frequency part of the Heisen- 
berg algebra is invariant under the action of the quantum toroidal 
algebra provided the value of the parameter p in the latter is set to be 
equal to 1. The quotient of the g-Fock space by this ideal is isomorphic 
to one of the irreducible level-1 highest weight modules of U q (sl n ). As 
a consequence, each of these modules admits an action of the quantum 
toroidal algebra. 

The corresponding action of the subalgebra U'(sl n )^ is irreducible, 
it is just the standard level-1 action on the highest weight irreducible 
module of U q (sl n ). On the other hand, the action of the subalgebra 
U' q {si n )^ has level and is completely reducible. The construction of 

the irreducible decomposition of the level-1 [/ ? (s[ n )-modules relative to 
the level-0 action is the problem which we address in the present paper. 
To solve this problem we utilize, as our main tools, the semi-infinite 
wedges of [[F] and the Non-symmetric Macdonald polynomials of ||. 

As a result we obtain a parameterization of the irreducible compo- 
nents of the level-0 action by the skew Young diagrams of the border 
strip type, proving thereby a g-analogue of the conjecture made in || 
in the classical setting. 

2. The actions of the quantum affine algebra U'(sl n ) 

2.1. Definition of the quantum affine algebra U' q (s{ n ). 

Definition 1. The quantum affine algebra U' q (sl n ) is the unital asso- 
ciative algebra overC with generators E i} F i; Kf l (i e I :— {0, 1, . . . , n— 
1}) and the following defining relations: 



KiK: 



i 



1 



KjKi , 



(2.1) 
(2.2) 
(2.3) 
(2.4) 



,a. 



-a 



■up 



q-q- 1 



-i 



(2.5) 




(2.6) 




(2.7) 
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— n 



where [n] q :- 



q — q 
q-q- 1 



n 



[n] q [n - l\ q . . . [n - r + 1] 



-rig' [r] q [r -l] q ...[l] q '^^ 

2 (i=j) 
dij = { -1 = = (l,ra),(n,l)) n > 3, 

(otherwise) (2-9) 

<* = { - 2 " = 2 - < 2 - 10 > 

The coproduct A is given by 

A(f?0 = ^(8)^ + 1 (8)^, (2.11) 

A(Fj) = Fi<S>l + K' 1 <S> Fi, (2.12) 

A(K t ) = Ki®Ki. (2.13) 

We put d := K Q K X . . . K n _ x in U' q (sl n ), then c' is the central in 

2.2. q— wedge product and semi infinite q-wedge product. The 

affine Hecke algebra of type q[ n , H^(q) is a unital associative alge- 
bra over Cf^ 1 ] with generators Tf 1 , Y^ 1 , % = 1, 2, . . . , N — 1, j = 
1,2, ... ,N and relations 

T t T~ l = T~ l Ti = 1, (Tj + 1)(T, - q 2 ) = 0, 

T. rri rri rri rri rri 

i-Li+l-Li — 1 i+lJ-i 1 

TiTj- = TjTj if |j - i| > 1, 

The subalgebra H^(q) generated by T^ 1 is isomorphic to the Hecke 
algebra of type qI n . 

Let p £ C x and consider the following operators in End(C[zf 1 , . . . , z^ 1 }) 

to* = q -^( K ^ - 1) + 9. 1 < i ^ j < TV, 

^ (iV) = fl^+i^M+i • • • g~xK ijN p Di K hi g hi ■ ■ ■ Ki^g^i, i = 1, 2, . . . , N, 

where K i: j acts on C^ 1 , . . . , z^ 1 } by permuting variables Zi, Zj and p Di 
is the difference operator 

p Di f(z±,. . . ,z h . . . ,z N ) = f(z l ,...,pz i ,...,z N ), f G C[zf\. . . ,z^}. 
Then the assignment 

Ti^T^-qg-^, Y^q^ N Y t {N) (2.14) 

defines a right action of H N (q) on C^ 1 , . . . , z^ 1 }. 
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The commuting difference operators Y± N \ . . . , are called Chered- 
nik's operators. 

Moreover, the assignment 



Tj = —qg^ i+ i, Y% i — * -Zj" 1 (multiplication) 



(2.15) 



defines another right action of Hx{q) on C^ 1 , . . . , z^ 1 ]- 
Remark The actions of —qg^l + i, q 1 ~ N Y^ , z^ 1 are related to the 

toroidal Hecke algebra |l5j or the double affine Hecke algebra ||. 



Let V = C n , with basis {v i, . . . , t> n }. Then g) V admits a left H^{q)- 
action given by 



Ti i-> Ti = 1®' * ® T ® I " * \ where T G End(<8>V) 

(2.16) 

{q 2 v ei <g> v e2 if 6i = e 2 , 

gw €2 <S> f €1 if ei < e 2 , 

gw e2 ® u ei + (g 2 - l)v ei <g> i; e2 if ei > 8-17) 

Let V(z) = C[z ±l ]®V, with basis {z m <gw e }, m G Z , e G {1,2,. ..,n}. 
Often it will be convenient to set k = e — nm and Uk = z m ® v e . Then 
{itfc}, G Z is a basis of V(z). In what follows we will write z m v t 
as a short-hand for z m ® v e , and use both notations: Uk and z m v t 
switching between them according to convenience. The two actions 
of the Hecke algebra are naturally extended on the tensor product 

C[zf\ . . . , z^ 1 } <g> (® N V) so that Ti acts trivially on ® N V and T { acts 
trivially on C[zf 1 , . . . , z^ 1 ]. The vector space ® N V(z) is identified with 
C^ 1 , . . . , z^ 1 ] <8> ((gi^V) and the g-wedge product is defined as the 
following quotient space: 

N-l 



V^/^KerfT. + g 2 ^)- 1 . 
i=i ^ ' 



(2.18) 

Let A : ® N V(z) -> A^V^z) be the quotient map specified by ( [2.181) . 
The image of a pure tensor <8> w*; 2 ® • • • (8) ttfe^ under this map is 
called a wedge and is denoted by 

Wfei A iifc 2 A • • ■ A M fcjv := A(u fcl <g) M fc2 <g> • • ■ ® u fcjv ). 

(2.19) 

A wedge is normally ordered if fci > fc 2 > • • • > ^/v- in h is proven 
that normally ordered wedges form a basis in A N V(z). 
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Let us now define the semi-infinite q-wedge product A~V(z) and 
for any integer M its subspace Fm, following 0. 

Let ®~V(z) be the space spanned by the vectors u kl ®Uk 2 ®. ■ ■ , = 
ki — 1, i >> 1). We define the space A^V(z) as the quotient of 

®tV(«): 



Let A : ®irV(z) — > A^V(;z) be the quotient map specified by ( |2.20| ). 
The image of a pure tensor u kl <S> u k2 <8> • • • under this map is called a 
semi-infinite wedge and is denoted by 



A semi-infinite wedge is normally ordered if h\ > > • • • and fcj+i = 
fci — 1 (i >> 1). In it is proven that normally ordered semi- infinite 



Let Um be the subspace of ®^V(z) spanned by the vectors <8> 
Uk 2 <E> • • • , (fci = M — z + 1, i » 1). Let Fm be the quotient space 
of Um defined by the map ( |2.21| ). Then F M is a subspace of A~*V(z), 
and the vectors Auk 2 A. . . , (fei > & 2 > • • • , ki — M — i + i >> 1) 
form a basis of Fm- We will call the space Fm the q-deformed Fock 
space. 



2.3. Actions of the quantum afRne algebra on the q— wedge 
product. We will define two actions of U' q (sl n ) on the space A N V(z). 




i=l 



(2.20) 



u kl A u k2 A • • • := A(u kl (g) u k2 ® . . . ). 



(2.21) 



wedges form a basis in A 2 V(z). 
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The first one is defined as follows. 

N 

Ei{ m ®v) = Y, m ® ' 1 /\! . , • • • (2.22) 
3=1 

N 

F l {m®v) = Y,™®(Ki)- 1 ---{K i J _ l )- 1 E i j hl < i v, (2.23) 
3=1 

Ki(m ® v) = m ® . . . K { N v, (i = 1, 2, . . . , n - 1) 



iV 



(2.24) 

£ (m <g, „) = ^ mFr 1 <g, E™' 1 ^ . . . K° N v, (2.25) 

3=1 
N 

F (m ® u) = mY i ® (^i )^ 1 • • • (^i-i)" 1 ^ 1 '^' ( 2 - 26 ) 

K = (K 1 K 2 ---K n ^)-\ (2.27) 

Here = l®* -1 ®^'*®].®" - ', where £*' fc G End(^) is the matrix unit 
in the basis v l} ...,v n , and K) = q Ef-Ef^ ^ R o = (RjK] ■ ■ ■ K^" 1 )" 1 . 

We will denote this action by Uq N \ Note that it is well defined on 
the quotient space A N V(z) in view of the relations of the affine Hecke 
algebra. 

The second one is defined as follows. 

N 

E {m ® v) = mz J ® E j' lR j+i ■ ■ ■ K N V > 

3=1 ' (2.28) 

N 

F (m ®v) = ^mz" 1 ® (K®)" 1 . . . {K^^E^v. 

3=1 (2.29) 

The actions of other generators are the same as in (2.22-2.24, 2.27). 

We will denote this action by U± . Again, this action is well defined 
on the quotient space A V(z) in view of the relations of the affine 
Hecke algebra. 

2.4. Level— action of the quantum affine algebra on the q— 
deformed Fock space. We will define a level-0 action of U'Jsln) on 
F M (M G Z) following the paper fT|, [T|. 

Let e := (ei, e 2 , . . . , ejy) where £j G {1,2,..., n}. For a sequence e 
we set 

v e :=v ei ®v 62 ®---®v €N (E® N C n ). (2.30) 
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A sequence m := (m 1 , m 2 , . . . , m^r) from Z, N is called n-strict if it 
contains no more than n equal elements of any given value. Let us 
define the sets M. 1 ^ and £(m) by 

M.^ := { m = ( m i> m 2, • • • , m N) ^ Z w | m \ < m 2 < • • • < T7ijv, m is n-strict }, 

(2.31) 

and for m G 

£(m) := {e = (ei,e 2 , . . . , e N ) G {1, 2, . . . | > e m for all i s.t. m; = m i+1 }. 

(2.32) 

In these notations the set 

{t«(m, e) := A(z m ® v e ) = z mi !) fl A z m2 i; e2 A ■ ■ ■ A z ra ^ w | m G e G £(m)}. 

(2.33) 

is nothing but the base of the normally ordered wedges in A V(z). We 
will use the notation w(m, e) exclusively for normally ordered wedges. 

Similarly for a semi-infinite wedge w = A Uk 2 A . . . = z mi v ei A 
z m2 v e2 A . . . , such that w G F M , the semi- infinite sequences m = 
(mi, 777,2,... ) and e = (ei,e 2) ... ) are defined by fc, = — nrrii, 
6, G {1, 2, . . . , n}, TOj G Z. In particular the m- and e- sequences of the 
vacuum vector in Fm will be denoted by m° and e°: 

\M) = Um A u M -i A tt M _2 A . . . = z m °v € o A z m 2f e o A z m °v € o A • • • . 

(2.34) 

The Fock space Fm is Z> -graded. For any semi-infinite wedge w = 
Uki A Uk 2 A . . . = z mi v ei A 2 m2 i> €2 A . . . G F M the degree |w| is defined 
by 

|u>| = ^^m° — mj. (2.35) 

i>l 

Let us denote by F M C -Fm the homogeneous component of degree k. 

We will define a level-0 action of U' q (sl n ) on the Fock space F M in 
such a way that each homogeneous component F M will be invariant 
with respect to this action. Throughout this section we fix an integer 
M and s G {0, 1, 2, . . . , n — 1} such that M = s mod n. 

Let / be a no n- negative integer and define Vp~ nl C A s+nl V(z) as 
follows: 

y-+m = Cw(m,e). (2.36) 
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The vector space Vp~ nl has a grading similar to the grading of the 
Fock space Fm- In this case the degree \w\ of a wedge w = A Uk 2 A 
... A u ks+nl = z mi v tl A z m ' 2 v t2 A • • • A z m °+" l v ts+nl G V$ nl is defined by 

s+nl 



\W\ 



^m?-m<. (2.37) 



8=1 



The degree is a non-negative integer, and for A; G Z> we denote by 
Vj^~ nl,k the homogeneous component of degree k. 
The following result is contained in the paper fl~2|j : 



Proposition 1. For each k G Z> the homogeneous component Vj^~ nl,k 

C A s+nl V(z) is invariant under the U' q (sl n ) -action Uq + defined in 
section Ol. 



We have \pf I,k (w)\ = \w\ and hence p l ' : V^ n ' — > F^ for all 
k G Z> . In the paper [TT ] the following propositions are shown. 



Proposition 2. When I > k the map p, ' is an isomorphism of vector 
spaces. 



Proposition 3. For each triple of non-negative integers k,l,m such 
that k < I < m the map p lr £ : V^~ nl ' h — > V^ nm ' , defined for any w 

G VX;"^ by 

pfmi 10 ) = W A u M-s-nl A U A /_ s _ ni _i A • • • A UAT-a-nm+l, 

(2.38) 

an isomorphism of the U' q (sl n ) -modules. 

We define on the vector space F^- a level-0 action of U'(si n ) by using 
Propositions |2| and [3]: 

Definition 2. T7ie vector space F^ is a level-0 module ofU' q (sl n ) with 
the action Uq defined by 

Uo = pM^s+nD-M,^ where j > fc (2>39) 

This definition does not depend on the choice of Z as long as I is 
greater or equal to k. Since we have 

F M = Q)F k M (2.40) 

A:>0 

the level-0 action Uq extends to the entire Fock space F M . 
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2.5. Level— 1 action of the quantum affine algebra on the q— 
deformed Fock space. In this section we review the level- 1 action 
of U'Jsin) on the Fock space Fm [0]- 

First we define the action of U'Jsin) (generated by Ei, F i} K i} 
% — 0, . . . , n — 1) on the vector \M') as follows. 

Ei\M') = 0, (2.41) 



Fi\M') 



um'+i A um'-i A Um'-t, A • • • if i = M' mod n; 
otherwise, 



(2.42) 

*i«Hw otL^ mod " ; < 2 -«> 

For every element v G Fjvfj there exists N such that 

1/ = ^ A|Af-JV), v {N) eA N V(z). (2.44) 

We define the actions of Ei, Fj, A^, i = 0, . . . , n — 1 on the vector v 
as follows. 

EiV := E&W A K { \M - N) + /' A Ej|M — N), (2.45) 
Fjf := FivW A\M-N)+ K^yW A FjM - N), (2.46) 
ifit; :=K t vW AK^M-N). (2.47) 
The actions of Ei, Fi, Ki, i = 0, . . . , n — 1 on are determined in 



Section |2.3| . The definition of the actions on v does not depend on 
and is well-defined, and we can easily check that the U' (s l n ) -module 
defined in this section is level-1. We will use the notation U\ for this 
U'Jsin)- action on the Fock space. 

Remark The two actions Uq and U\ appear as the representations of 



the subalgebras of the quantum toroidal algebra. For details, see [] I 



2.6. The p — 1 case. In the paper it was demonstrated that the 
Fock space Fm admits an action of the Heisenberg algebra H which 
commutes with the level-1 action U\ of the algebra U'Jsin). The Heisen- 
berg algebra is a unital C-algebra generated by elements l,B a with 
a G Z^o which are subject to relations 

■y g2na 

1-q' 2 

The Fock space Fm is an if-module with the action of the generators 
given by [§ 



[B a , B b ] = S a+bfi a - q 2a . (2.48) 



B a = J2 z ?- ( 2 - 49 ) 



i=i 
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Let C[HJ\ be the Fock space of H, i.e., C[HJ\ = C[5_ a , 5_ 2 , ...,]. 
The element B- a (a = 1, 2, ... ) acts on C[H_] by multiplication. The 
action of B a (a = 1, 2, . . . ) is given by (|2.48|) together with the relation 

B a - 1 = for a > 1. (2.50) 



Let Ai (i £ {0, 1, . . . , n — 1}) be the fundamental weights of si n . And 
let V(Ai) be the irreducible ( level- 1) highest weight module of U' q (si n ) 
with highest weight vector V\. and highest weight Aj. 

The following results are proven in [|7|]: 

• The action of the Heisenberg algebra on Fm and the action U\ of 
f/g(s[ n ) commute. 

• There is an isomorphism 

l m : F M = V(Ai) ® C[iZ_] (M = i mod n) (2.51) 
of U' q (sl n ) (g> //-modules normalized so that ^(|M)) = V(Aj) (g> 1. 

In general the level-0 L/^(s[ n )-action C/ does not commute with the 
Heisenberg algebra. However if we choose the parameter p in Uq in a 
special way, then Uq commute with the negative frequency part of H. 
Precisely, we have the following proposition, proved in [ITT]: 



Proposition 4. At p = 1 we have 

[U Q ,H-]=Q. (2.52) 

Let H'_ be the non-unital subalgebra in H generated by -B-i, -B-2, • • • • 
Proposition |4] allows us to define a level-0 U' q (sl n ) -module structure on 
the irreducible level-1 module V(Ai) (i G {0, 1, . . . , n— 1}). Indeed from 
this proposition it follows that the subspace 

H'_F M C F M (2.53) 

is invariant with respect to the action Uq at p = 1 and therefore a 
level-0 action of U'Jsln) is defined on the quotient space 

F M /(H'_F M ) (2.54) 

which in view of (|2.51 ) is isomorphic to V(Ai) with i = M mod n. 

3. Skew Young diagrams and the level-0 representations 

OF U'JsU 



3.1. Skew Young diagrams. Let us recall, following the book [10 



the definitions of the skew (Young) diagrams, their semi-standard tableaux 
and the associated skew Schur functions. 

Let A, /i be partitions i.e. sequences of non-negative integers. We 
assume Aj > //j for all possible i, and if \ij < i < Xj then we draw a 
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m 2 



m 3 



ffi4 



Figure 1. A = (4,4,2,2, 1), jx = (3, 1, 1). 



square whose edges are (i — l,j — 1), (i — and — 1). 

(For example, see Figure 1.) This diagram is called a skew (Young) 
diagram and is denoted as A \ /i. We define the degree of the skew 
Young diagram A \ // as |A \ fj,\ = ~ A*»)- 

A skew diagram is called a border strip if it is connected and contains 
no 2 x 2 blocks of boxes. Let (mi, . . . , m r ) denote the border strip of 
r columns such that the length of i-th column (from the right) is m^. 
(Figure 1) 

A semi-standard tableau (s.s.t.) of the skew diagram is obtained 
by inscribing integers 1,2, ... ,n in each square of the skew diagram. 
The rule of the semi-standard tableau is as follows. The numbers are 
strictly increasing along the column and weakly increasing along the 
row. For each semi-standard tableau T, let n,i(T) be the multiplicity 
of % in T. 

Definition 3. For each skew diagram A \ /i, the skew Schur function 
s\\n is defined as follows. 

s^z) = ^T {T) Z T {T) ---z7 {T) - (3-1) 

T 

Here the summmation is over the set of semi-standard tableaux of the 
skew diagram A \ /i. 

3.2. The level-0 representations of U' q (sl n ) associated with the 
skew diagrams. Fix a skew diagram A \ // of the border strip type 
and degree N. We put a number (1, . . . , N) on each box such that if 
/ > k then xi > Xk or {x\ = Xk and yi > yk), where (x,y) is a box 
contained in the skew diagram, and set ai = —2xi + 2yi + a (a is fixed). 
(Figure 2) 
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X 



r 










a - 4 


y 






a + 2 


a 


a-2 


V 






a + 4 






V 






a + 6 







Figure 2. The case (2,1,3). 



On the space (gi-^V, we define the evaluation action 7ii^.., ajv of 



^..,. w W = E^ ,<+1 ^ + i---^ (3-2) 
j'=i 

AT 

= E(tfi)" 1 • • • (3.3) 

^..^W^^-..^ (< = l,2,...,n-l) (3.4) 

AT 

<L N (Eo) = E ^'^i • • • n, (3-5) 

J'=l 

AT 

<Uw = E^'^i ) -1 • • • i K Ur lE T, (3-6) 

<?..,.„(*(>) = • ■■K n -i))-\ (3.7) 



and on the same space, we consider the following operators: 



Rijix) = XS ^_ Y^- Pij, Rijix) = XS ^_^\ (3.8) 
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where Pjj(---(g> u <g> • • • <g> v <g>...) = • • • ® t> <g> • • • <g> u g> We 

define 

= Rui**-*)' ( 3 - 9 ) 

l<i<j<N 

Rx\»= n /,> -' f >/" " )• ( 3 - iq ) 

l<i<j<N 

R\\ti = \ { Piv+i-j,jv+i-j+i(g a *~ % ), (3-ll) 

l<i<j<N 

where (z, j) is on the right to in the product if z < z' or (j < j' 

and % = i'). As a special case of Proposition 1.5., we have 

Proposition 5 (@). TTie subspace ImR xv (® N V){= ImR xv {® N V)) 
with the action 7ri^L,ajv on irreducible U' (sin) -module, and the map 
Pav - ^r%) = (vrS..., ai , ®"V/ KerR xv )) -> 

(7TaJ2..,oiv> -^av) an isomorphism of the U' q (sl n ) -modules. 

Remark In 0, this proposition is proved in the L^(fjI„)-module case 
and the normalizations of q and x are different. The irreducibility as 
the U' q (sl n ) -module follows from the result of JT|. 

3.3. Character formulas. Let (i — 1, . . . ,n — 1) be the fundamen- 
tal weights of sl n and let q = Aj— Aj_i (i = 1, . . . , n) with A = A n := 0. 

The subalgebra of U'(sl n ) generated by Pj, K i (i — 1, . . .n — 1) 
is isomorphic to the algebra C/ 9 (sl n ). In the paper || the 5t n -character 
of the irreducible Y(sl n ) -represent at ion associated with a skew diagram 
was shown to be given by the corresponding skew Schur function. This 
result is immediately generalized to the g-deformed situation. Precisely 
we have 

Proposition 6 (@). The skew Schur function s\\^(z) where = e ei 

is equal to the U q (sl n )- character of the irreducible U' q (sl n ) -module de- 
scribed by Proposition [|. 

As a corollary we get 

Corollary 1. The dimension of the space ImRx^ C (® V") is equal 
to the total number of the semi-standard tableaux of the skew diagram 

Let V(Ak) be the level-1 irreducible module of U q (sl n ) whose highest 
weight is the k-th fundamental weight A k of sl n . We set ch(V(A k )) = 
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J2i \(dimVx j i)e x q l , where V\,i is the weight subspace with U q {si n )- weight 
A and homogeneous degree i. The following proposition is proved in ||. 

Proposition 7 (||). Setting Z{ = e €l we have 

ch(V(A k ))= q ^~^ Yl q^ mn ' m+m se(z)- 

e&ss (3.12) 

1 1 — k mod n 

where BS is the set of all the border strips 9 = (m 1; . . . , m r ) and t(9) = 
YH=i( r ~ i) m i with m r < n. 

Note that if rrii > n for some i, then the skew Schur function 

se is equal to 0, moreover, for the border strip of the form Q\ = 

i 

(m 1 , . . . ,m r , < n^~ri) the number ^\0i\(n — \9i\) + t{6{) does not de- 
pend on /. 

4. Non-symmetric Macdonald polynomials and the 

decomposition 

4.1. Non— symmetric Macdonald polynomials. We will define the 
non-symmetric Macdonald polynomials as the joint eigenf unctions of 
the Cherednik's operators Y} N) (i = 1, . . . , N) 0, Q. It will be 
convenient for our purposes to label these polynomials by the set of 
pairs (A, cr) which we now describe. 

Let .M 7v be the a set of ah non-decreasing sequences of integers 
A = (Ai , A2 , . . • , A/v), and let J^i% be the subset of M.n which consists 
of all n-strict non-decreasing sequences (cf. Section |2.4|) . For each 
A G M.n we set |A| '-=Yl i= i\- For A,/i G M.n such that |A| = we 
define the dominance (partial) ordering: 

i i 

Xhfi & Y. X i^YsVj (ie{l,2,...,N}). 

j=i 3=1 (4.1) 

Let S x C &n be the set of elements o such that if X a u) = X a (j) and 
o~{i) < cr(j) then i < j. We define the total ordering on S x : 

a y a' <^> the last nonzero element of (X a {i) — ^<j'(i))i=i is < 0. 

(4.2) 

Then the following properties are satisfied. (In what follows the a(i,i + 
1) denotes the composition of o and a transposition (i,i + 1)) 

a) S x has the unique minimal element with respect to the ordering 
(|4~^ ). We denote this element by min. Note that we one has X m in(i) < 

Amm(i+1) (i = 1, • • • , N — 1). 

b) S x is connected, i.e. for any a G S x , there exist i 1 ,...,i r such 
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that if we put 07 = cr(ii, %\ + 1) . . . (ii, i\ + 1) then a r = min, <Ji E S x , 
01 y (Ti+i (I = 1, . . . ,r) . 

c) Suppose a E S x , then a(i,i + 1) G S x <^ A CT (i) 7^ A CT (i+i). 

d) If A CT (j) > A CT (j + i) and a E S x then cr >- a(i,i + 1). 

We define the partial ordering of the set {(A, cr) | A G M.n, & E S x }: 

{\a)y{\a) & |A| = |A|and \ XyX 

I A = A, a y a. 

Then 3^ act triangularly on Cfz^ 1 , . . . , z^ 1 ] with respect to this 
ordering [14| : 

Y^z? = &{a)z x ° + "lower terms", (4.4) 
g(a) =p ^) q Mi)-N-i (cr G S x ). (4.5) 

In the above notation, we identify the ordering of monomials z x " := 

z x (1) z 2 (2) . . . (JV) with the ordering on the set of pairs (A, a). 

For generic q and p the pair (A, a) is uniquely determined from the 
ordered set (^ A (a), & (a), . . . &(<r)): 

(A,a)^(A,a) ^ (eiV),^),---^))^^^),^),---^))- 

(4.6) 

Therefore one can simultaneously diagonalize the operators (1 < 

i<JV). 

Y{ N) $ x (z) = £ x (a)$ x (z), $ x (z) = z x ° + "lower terms". 

(4.7) 

The Laurent polynomial <& x {z) is known as the non-symmetric Mac- 
donald polynomial. 

The action of g^i+i on the non-symmetric Macdonald polynomial is 
as follows 



g iii+1 ^M = Ma)^(z) + ^(a)<^ (M+1) (z), (4. 
(q — q~ l )x 



q 1 {x} (A a(i) > A CT(l+1)/ 



Ai(a) := — — , Bi(a) := < (A CT(i ) = A CT(m) ); 

X [ 9 1 (A(j(i) < A CT(m) ),(4.9) 

The case p = 1 is not generic. However, from the results of || it 
follows that the coefficients of § x {z) have no poles at p = 1. Therefore 
the non-symmetric Macdonald polynomials § x {z) are still well-defined 
at p = 1 and the formulas ( |4.7| - |4.10| ) are still satisfied. 
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In what follows we will let $£(2) denote the non-symmetric Mac- 
donald polynomial at p — 1. In virtue of the triangularity (O) the 
non-symmetric Macdonald polynomials § x {z) (A G A4n, o G S x ) form 
a base of C[zf . . . , z^ 1 ]. We put 

E x = C^(z). (4.11) 

Then Cfzf 1 , . . . , z% 1 } = ® X E X . In Section fO| we will use the following; 
lemma. 

Lemma 1. Let e- k = Y^i< ni <-<n k <N z nl ■ ■ ■ z nt ■ Suppose that A G 
A4n satisfies Aj — Aj+i = or 1. T/ien we have 

e^ x (z) = $ x (z). (4.12) 

Here A = (Ai, . . . , Aat-&, . . . , AAr_ fc+ i - 1, . . . , Ajy — 1) and q(e S x , S x ) 
is the minimal element of S x . 

Proof. By the triangularity of the non-symmetric Macdonald polyno- 
mial (O), we have 

e_ fe <£*(z) = e. k (z» + Yl ( 413 ) 
= + E ^* =**(*) + £ c'^(z). 

At p = 1, the operators commute with symmetric Laurent polyno- 
mials considered as multiplication operators on Cfz^ 1 , . . . , z^ 1 ]. Hence 
we have 

Y^e^ x {z) = e_ k Y} N) $ x (z) = q^^e^z). 

(4.14) 

The ordered set of eigenvalues {q 2(T ^~ N ~ l }f =1 determines the element 
a G S x uniquely. Hence ( |4.13|) and ( |L14 ) lead to 

e„ k $ x (z) = $ x (z) + Y,c'&(z)- (4-15) 

Now let us consider any fi which appears in the sum (|4.15 ). If there 
exists i(< N — k) such that /ij < Aj then for j > i we necessarily have 
fij < Xj because of the assumption Aj — A i+ i = or 1 and the fact that 
Aj < Aj implies /ij < fij, which follows since ^ G S* M . But fij < Xj (j > i) 
leads to |A| > which is in contradiction with -< X. Thus we have 
Hi > Aj (i < N — k). If //j > Aj for some i, then necessarily ji ^ X which 
is again a contradiction. Hence we get fa — Ai (i < N — k). By the 
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condition \i -< A, we have fiN-k = ^N-k- Because of the assumption on 
A and the fact that A, < Xj implies fa < /ij, we get fij < Xj (j > N—k). 
Combining this with |A| = we conclude that fij = Xj Vj. That is 
the second term in the r.h.s. of ( 4.15 ) is zero. ■ 



4.2. The decomposition. Let us consider the quotient space Fm / 'H'_Fm 
and for each k > its subspace F^/(H'_F M n Fjfc). 

It is straightforward to establish the necessary and sufficient con- 
dition for the vector u = J2x Eaes* ® V£ ( G C [ 2: i =1 ' ■ ■ ■ > ^1 ® 
(® N V)) to be equivalent to in the quotient space A N V(z). The result 
is 

VA f = -iW(<? 2(CT(i) - CT(4+1)) )^, Va s.t. X <{) > A ff(m) ; 

where -R^+^x) is defined in (|3.8|). In view of the properties of the set 
S x , in the space A N V(z) we have 

^(z)®ip<, ( 4 - 17 ) 

~ $Ln(^) ® iWi(9 2(Mv+1) ~ Mv)) ) • • • J R n , il+ i(g 2(CTl(jl+1) - ffl(n)) )^- 
Here we used the notations of Section P~T| . 

By the triangularity of the non-symmetric Macdonald polynomial 
(O) and the relation (|4.17|) , we get 

y^**'* = 0(e a <g> n (£ A ® (® N v)) 

a (4.18) 

= (z) ® (®"v))/n n (^(z) ® (®"v)), 



A 

where the summation is over A G Ai^, such that Ai < m° s+nk) |m° — 
A min | = k. 



Proposition 8. Define the set A4™+ nk as 

Mitk = i X e A^J Ai < m° +nfc) |m° - A™"| = k and A, - A i+1 = or 1}. 

(4.19) 

Every vector from the linear space F^/(H'_Fm Hi* 1 ^) can be expressed 
as a linear combination of vectors of the form A($^ in (^) <8> ip x )\M — 
s — nk) , where X G M.™+ nk and ip x G ® N V. 
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Proof. By the equation ( |4.18| ), it is sufficient to show that A($^ in (,2) <g> 
4> x )\M-s-nk) (A G M s+nk , Ai < m° s+nk , |m°-A min | = k, ^ A G (g^V 
) is equivalent to in the space F^J (H'_Fm D i 7 ^) unless Aj — Aj+i = 
or 1 for all % — 1, . . . , N — 1 . We will prove this by induction with 
respect to the ordering of the set Ai s+n k- (Note that if A is not n-strict 
then A($* in (z)®V A ) = 0.) 

Since Aj — Aj+i ^ 0, 1 implies that (Ai, . . . , Aj — 1, Aj + i + l, . . . ) is lower 
with respect to the ordering of Ai s+n k, the minimal element satisfies 
the condition of Proposition ^. 

Fix A and assume that the proposition is proved for all \x such that 
u -< A. Define A G Ai s + n k as follows: 

Ai = A i+1 <£> \i = \ i+ i, (4.20) 
Ai = A x , (4.21) 
Aj ^ A i+1 \ = Ai+i + 1. (4.22) 

For each positive integer /, define = ^{i | Aj — Aj = /}. If n/ = 
for all l(> 1) then either A(<& x lin (z) <g> i/j x )\M — s — nk) itself satis- 
fies the condition of the Proposition [|, or else the element n«>i -^-i ' 
A{®mini z ) ®ip\)\M -s - nk) is in H'_F M H Fjfa. Expanding the last 
element, in the space F^ / \H'_Fm H F^) we get 

A (®Ln(z) ®^ X )\M-s- nk) + A (^(*) ® OIM - s - n/c) ~ 0, 

a£S^ (4.23) 

for some ipg. By (|4.17 ) and the induction assumption the proposition 
is proven. ■ 

Proposition 9. For each A G Ai™+ nk , define J and rj such that Ai = 

• • ■ = A r j > A r/ _|_x = ■ • • = \ r jj^ r }1 > • • • > A ri .) \ r rj(=N)j then in the 

space Fm/(H'_F m H F^), for each ip G ® N V we have 

A ($tin( z ) ® Ri,i+\{q 2 )^)\M - s -nk) ~ 0, (A m j„ ( j) = A m j n( j+i)) 

(4.24) 

A ® II ^•+a,^. + r J -+r i+1 - 6 (g- 2(a+6) )V')|M - S - nk) ~ 0, 

(4.25) 

0<f><i-j +1 -l 

where (a, 6) is on i/ie n<?/i£ to (a', 6') m t/ie product if a < a' or (a = a' 
and b < V), lj = Yjl=i r j an< ^ = 0. 

Proof. The first relation follows from (|4.16 ) and the identity 

Im(g 2 ^ + i _ Siji+1 ) = Ker(q- 2 S-? +1 - S i>i+1 ). (4.26) 
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Consider the second relation. We define 

A = (Ai, . . . , A rj . +1+ ... +rj , Ai +rj . +1+ ... +rj + 1, . . . , Ajv + 1). 

(4.27) 

By Lemma [l], the definition of the space Fjfa/ \H'_F M fl F^) and the 
relation (6.51) in JTTJ], we get 

B_ (ri+ ... +r .)) ■ A{$i in {z) ®^)\M-s- nk) 

(4.28) 

= . . . , J B_ (ri+ ... +r , ) ) ■ A($i m (z) ®1>))\M-s-nk) 

= A($J(z) <g> ip)\M - s - nk) ~ 0. 
Here /(xi, . . . , X;) is a polynomial such that 

JV TV TV 

/(E^E^--->E^) = E ^•••^> ( 4 - 29 ) 

j = l 1=1 1=1 «!<■■■<«; 

and £ G 5 is the minimal element of S' A . 
If we apply the formula (|4.17f) , we get 

A (®i in (z) ® J] 4+^i-H«,i, + r 3+1 -H« + i(^ 2(a+H1) )^)|M - s - nfc) ~ 0, 

0<a<r,-l (4.30) 
0<b<rj +1 -l 

where (a, 6) on the right to (a', V) in the product if a < a' or (a = a' 
and b < b'). Finally, taking into account the relation 

IT Rlj+rj^-b+ajj+rj+r-b+a+lil 2(a+b+1 )) • jQ P^. +0j ^ +T . j . +rj+1 _ 6 

0<a< rj -l \<a<Tj (4.31) 

0<6<rj + 1 -l 0<6<r J + 1 -l 



IT Rlj+a,l i +r i +r j+1 -b{<l 2(a+6) ) 



0<6<rj + 1 -l 



we obtain ( |4.25|) . ■ 
With notations of Proposition || for each A E Ai™+ nk define the 
linear subspace of ® N V 

j-i 

v x = E i™%+i(g 2 ) +E Im ( II iW^+*iW?~ a(a+6) ))- 

Amm(,} = A min ( !+ l) j=l l<a<rj (4.32) 



Kb<TA , i -1 



By Proposition 0, we get 
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Proposition 10. Consider the map 

i>k' ®Ln(z)®(® s+nk V/V x ) - F k M /(H>_F M nF^.33) 

v I— > vA\M — s — nk). 

Define the action of U' q {sl n ) on the l.h.s. of (ggg) &y (2.22-2.27). 

T/ien t/ie map ^ 2S well-defined, surjective and is a U'Jsln) -intertwiner. 

Proposition 11. Let A G -M™£ nk ( =N y For any such A we define J, rj 
and lj in the same way as in Proposition |]. Let 9 be the border strip 
characterized by (rj, rj_i, . . . , ri) . We have 

® N V/V x = ® N V/KerR e . (4.34) 

Proof. First we will show that ® N V/V X D ® N V/ KerRg. Applying re- 
peatedly the Yang-Baxter equation R a;b (x)R a , c (xy)R b>c (y) = R bjC (y)R^ c (xy)R a ,b{x), 
we can move some special elements to the right in the product 

Rg = ■ ■ ■ R i+ i,i(q~ 2 ) = ■ ■ ■ Y\ -Ri i +r i +a,Z J +r J -b(0 2(a+6) ), 

l<a<r j + 1 (4.35) 

0<6<r.j-l 

where (a, 6) on the right to (a', b') in the product if a < a' or (a = a' 
and b < b'), and X m in(i) = A min ( i+ i). By the formula 

R b A*)RaA*- 1 ) = ( T g y ( 4 - 36 ) 

(x — l)(x 1 — 1) 

we get ® N V/V X D ® N V/KerR e . 

Next we will show that ® Ar 1//1/ A C ® N V/KerR e . We show that the 
vectors ®ili^ ei such that e { < e i+ i if \ min (i) = \ m in(i+i), e { > e i+1 if 
7^ \jiin(i+i) span the space ® 7V V A /V rA . 

Using the relations Ri> ,i'+i(g 2 )(® A T v £i ) ~ (A min (;') = A m i n (j/ + i)) we 
find that the set of vectors {®f =1 v ei \if \ m in(i) = ^min(i+i) then e { < e i+1 } 
spans the space ® N V/V X . For each vector of the form ®fL 1 v ei we define 
N(®f =1 v ei ) = i < h £i > £j and \ min (i) ^ Kdn(j)}- Consider 

the vector ®f =l v ei such that if \ m in(i) = ^min(i+i) then < e i+1 . As- 
sume that there is an i such that < e i+ i (if A m j n (j) 7^ \ m in(i+i)), then 
we get the relation 

n ^ +a ,^^ + ,, +1 - 6 (9- 2(a+6) )(®v) ~ 0, 

l<a<r, (4.37) 
l<6<r J + 1 -l 

for all possible j. By (|4.37| ), the vector ® N v ei is equivalent to a linear 
combination of the vectors ® N v e ., such that N(® N v e .,) < N(® N v e .). 
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Because ® N v e ., is invariant by the relations Ri> y +\(q 2 )(® N v ei ) + 1 < 
i' < — 1, + 1 < i' < ^+2 — I); if we use these relations we get 
that the vector ® N v ei (e, < e i+ i if \ m in{i) = Xmin(i+i)) is expressed by 
the sum of ® N v e ., such that N{® N v e .,) < N(<g> N v ei ) and < tv+x (if 

Amm(i') 7^ ^min(i'+l))' 

By the induction on N we find that the vectors ® N v ei (e^ < e^+i 
if A m j n (i) = \ m in{i+i)i > e i+ i if X m in(i) 7^ ^min(i+i)) s P an trie space 
® N V/V X . 

The number of these vectors is equal to the number of semi-standard 
tableaux of 6. By Corollary |, we get ® N V/V X C ® N V/KerR e . ■ 

In what follows we identify the border strips (mi, . . . , m r ) and (mi, . . . , m r , n, . . . ,n), 

n 

, v 

and identify (Ai, . . . , A s+nfc ) and (A x + 1, . . . , \ x + 1, A x , . . . , X s+n k) which 
are elements of ]J fc A4^ nk . Proposition [IT] gives a one to one corre- 
spondence of Wk^s+nk an d the set of all skew Young diagrams of 
the border strip type (m 1; . . . , m r ) which satisfy m, < n for all i and 
YH=i m i = s m °d 7i. On this correspondence the degree of the semi- 
infinite wedge A($^ in (z) <g> ip)\M - s - nk) is equal to ^ - + 
i|0|(n — \6\) + where # is the border strip which corresponds to 

A and t{9) = YHZi( r ~ m »- 

We define ch(F M /H'_F M ) = dim{V^i)e^q\ where V^i is the 
subspace of F M /H'_F M of the degree (|2.37|) i and of the U q {si n ) -weight 

fi. We put a^q 1 < JZ^i b^e^q 1 iff °W ^ V* for a11 ^ and z '- B 3" 
Proposition |lt] we have 

ch{F M /H'_F M ) < q 1 ^-^ q^ mn - W)+m so(z). 

eeBS (4.38) 

k mod n 

Fm / H'_Fm with f/i-action is isomorphic to V(Ak), this isomorphism 
is degree preserving with respect to the degree ( |2.37|) on Fm/H'_Fm 
and the homogeneous degree on ^(A^), and the character formula of 
V(Ak) is given in Proposition [7]. Hence the inequality of ( |4.38| ) is, in 
fact, an equality and, therefore, the map ( f4.34| ) must is bijective. Thus 
have the following theorem 

Theorem 12. We have the isomorphism of U' q (sl n ) -modules: 

F M /H'_F M ~Q)V , (4.39) 

e 

where the sum is over all border strips (mi, . . . m r ) , (rrii < n, m r < n 
and N = M mod n), the space Vg and the level-0 U' q (sl n ) -action is 
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defined by (ir2^...,a N , Re • ® N V) where N = Y7i=i m i an< ^ a i+T,l-- 



2(1 - 1 + Eti 



rrii 



4.3. s[ 2 case. In this section we will discuss the sl z case in a somewhat 
more detail. 

Let W n be the (n + l)-dimensional irreducible module of C/ ? (s[ z ), and 
W n (6) be the evaluation module with the parameter b whose U^s^)- 
module structure is given by 

E = q b F u F = q- b E u K Q = K{\ (4.40) 

It is known that every finite dimensional irreducible U^sk) -module 
is isomorphic to <8> M W n (6^) for some and 6 M . We will represent 
the U' q (sfe) -module described by a skew Young diagram as the tensor 
product of the form ® At W / nfi (6 /i ). 

Proposition 13. Let 9 be the skew Young diagram of border strip 
(m%, . . . ,m r ) such that rrii = 1 or 2, and N = EI=i m i> a '+E<-j m i = 
2(1 — 1 + Ei=i m «)- We I = {i \ rrii = 1 ^nd rrii-\ = 2} = 
l 2 ,...,l r i} (m = 2,li < and let be the integer such that 

m h = ■■■ = m/ i+ni _! = 1, m ii+rii = 2 and 6; = 2Z; + 71,-3. 

T/ie [/'(s[ 2 ) -module (iri^}..., aNJ Re-® N C 2 ) is isomorphic to W ni (bi)® 



W n2 (b 2 )®---®W nr ,(b r 



Proof. By Proposition [| we find that (7r^}.. >aN , Re • ® N C 2 ) is isomor- 
phic to (7r£?..., ai) ® N C 2 /KerR ). 

As in the proof of Proposition 11], we get lmR ii+ i(q 2 ) cKerRg if 
a i+ i = a,i — 2 and lmR iti+ i(q~ 2 ) cKerR e if a i+ i = a« + 2. 

We can directly confirm that the L^(s[ 2 ) -module (-n a ,a-2, C 2 ®C 2 /Im_R 1)2 (g 2 )) 

is 1-dimensional and the module (ir a , a +2,...,a+2(i-i), ®'C 2 / E;=iI m -RM+i(<?~ 2 )) 
is isomorphic to Wi(a + l — l), where (I) is the Young diagram of degree 
I which has only one row. 
If we put 

V= ImR iM1 (q 2 ) + IrnRi,i + x(q- 2 ), 

i\a i+1 =ai+2 i\a i+1 =ai-2 (4.41) 

then (7r£.., ai , ® N C 2 /V) ~ W ni (h) W ri2 (b 2 ) ® ■ ■ ■ <g> Wn^&rO- 

Since the dimension of W ni (bi) ® W n2 (b 2 ) <8> • • • <8> VF n ; (& r ') is equal 
to the dimension <8) JV C 2 /Ker^5i the proof is finished. ■ 
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By Proposition [13], we can rewrite the decomposition Q4.39|) for sl z 
case. In fact we get the same decomposition as 0. More precisely we 
get 

Proposition 14. If we change the coproduct of the level-0 U'Asl-z)- 
module defined in || to fit our coproduct finitWm , The level-0 
C/'(s[ 2 ) -module of V(A S ) (s = M mod 2, s = or 1) defined in 

is isomorphic to the level-0 [/^(sfe) -module of V(A S ) defined in this 
paper, and the degree is preserved under this isomorphism. 
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